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We investigate dissipative extensions of the Su-Schrieffer-Heeger model with regard to different
approaches of modeling dissipation. In doing so, we use two distinct frameworks to describe the gain
and loss of particles, one uses Lindblad operators within the scope of Lindblad master equations, the
other uses complex potentials as an effective description of dissipation. The reservoirs are chosen in
such a way that the non-Hermitian complex potentials are PT -symmetric. From the effective theory
we extract a state which has similar properties as the non-equilibrium steady state following from
Lindblad master equations with respect to lattice site occupation. We find considerable similarities
in the spectra of the effective Hamiltonian and the corresponding Liouvillean. Further, we generalize
the concept of the Zak phase to the dissipative scenario in terms of the Lindblad description and
relate it to the topological phases of the underlying Hermitian Hamiltonian.
I. INTRODUCTION
The question of how dissipation influences topologi-
cal quantum systems is heavily addressed in today’s re-
search [1–5]. In literature various concepts are used and
proposed to generalize the cherished tools developed for
a characterization of topological phases in closed quan-
tum systems to open systems. In this field two different
approaches of describing dissipation are frequently used.
One is based on Lindblad operators, which describe the
interactions of a system with a reservoir, and allow for the
calculation of the time evolution of the system’s density
matrix via Lindblad master equations (LME) [6]. This
framework has been applied to prepare quantum systems
in topologically nontrivial states by engineering the dis-
sipative dynamics [3, 4]. Also generalizations of topo-
logical invariants have been formulated in the course of
this framework and the effects of dissipation on the topo-
logical properties of open quantum systems have been
investigated [2, 7–10].
Another approach of describing dissipation uses com-
plex potentials and effective non-Hermitian Hamiltonians
Heff to model the gain and loss of particles. In this con-
text reservoirs which are invariant under a spatial inver-
sion P and a simultaneous time reflection T (interchange
of particle sinks and sources) are of special interest. Such
systems can be effectively described by PT -symmetric
Hamiltonians, which then fulfill [Heff,PT ] = 0 and, in
spite of their non-Hermiticity, still can possess entirely
real eigenvalue spectra [11]. Within this description the
effects of dissipation on topological systems have been in-
vestigated and it has been debated, whether or not topo-
logically nontrivial states may exist in combination with
PT -symmetric gain-loss patterns [1, 12–17]. Special in-
terest is triggered in optics [18], where experimental real-
izations have successfully been developed [5, 19]. While
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most of the works address the appearance of edge states,
topological invariants have also been formulated for the
non-Hermitian case [1, 17, 20, 21].
The generic example of a one-dimensional topological
insulator is the Su-Schrieffer-Heeger (SSH) model [22]
which was initially proposed to study solitons in poly-
acetylene. In the present paper we compare both ap-
proaches by way of the example of the SSH model subject
to gain and loss. A first comparison was done with re-
gard to the appearance of edge states [23]. Here we want
to go one step further and study whether the character-
ization of topological phases in both approaches leads to
an agreement. To do so, we introduce two different PT -
symmetric dissipative patterns and investigate a topo-
logical invariant, viz. the real part of the complex Zak
phase. We find that the topological invariants of both
approaches coincide in the parameter regime where the
effective theory possesses an unambiguous interpretation.
Further we find a remarkable accordance in the long-
term dynamics following from both approaches, where we
justify a construction scheme of a fixed-point-like many-
body state in the effective PT -symmetric theory.
Since we combine disparate descriptions and methods,
the first part of the paper (Secs. II - IV) is dedicated to
give an overview of the methods and concepts used in
the analysis. We shortly summarize the most important
aspects of the SSH model in Sec. II before we introduce
the dissipative frameworks in Sec. III. For spatially pe-
riodic systems (periodic boundary conditions) we intro-
duce a momentum basis, which allows for the generaliza-
tion of the Zak phase to dissipative systems described by
an LME. The method of expressing a Liouvillean in a mo-
mentum basis was previously used in [7] to generalize the
Chern number to dissipative systems. In Sec. IV we ar-
gue that in case of the effective description of dissipation
the real part of the complex Zak phase is quantized and
can be used as a topological invariant, the corresponding
topological phases of which are protected by PT sym-
metry. The results of the comparison of the descriptions
are presented in Sec. V, where we find clear similarities
in both approaches for modeling dissipation.
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2II. SSH MODEL
The paradigmatic one-dimensional SSH model [22] de-
scribes spin-polarized non-interacting fermions on a lat-
tice with n sites arranged in double-well unit cells in such
a way that nearest-neighbor tunneling alternates between
t1 and t2 (see Fig. 1). For comparison with the dissipa-
tive extensions considered in this work its properties are
briefly outlined. The Hamiltonian H describing the SSH
model is given by
H = −
n/2∑
j=1
(
t1c
†
2j−1c2j + t2c
†
2jc2j+1 + h.c.
)
= −
n/2∑
j=1
(
t1 |j, A〉〈j, B|+ t2 |j, B〉〈j + 1, A|+ h.c.
)
,
(1)
where ci (c
†
i ) denotes the annihilation (creation) op-
erator of a spinless fermion at the site i. For stag-
gered hopping amplitudes t1 6= t2, the Hamiltonian in
Eq. (1) describes a two-band topological insulator [24]
that undergoes a topological phase transition at t1 = t2
where the band gap closes. In fact, the periodic trans-
lation invariant system can be solved analytically by
Fourier transformation |k,X〉 = 1/√n/2∑j eijk |j,X〉
of the unit cell index j, where X ∈ {A,B} and k =
0, 2pi/(n/2), 4pi/(n/2), . . . , 2pi(n/2−1)/(n/2). Factorizing
|k,X〉 = |k〉 ⊗ |X〉, the Hamiltonian is fully described by
the 2 × 2 Bloch Hamiltonian HB (the matrix occurring
on the right side),
H =
∑
k
|k〉〈k| ⊗
(
0 −t1 − t2eik
−t1 − t2e−ik 0
)
, (2)
where the sum runs over the discrete steps of k men-
tioned above. The Bloch Hamiltonian yields the energies
Em(k) = ±
√
t21 + t
2
2 + 2t1t2 cos(k).
The topological invariant of the Bloch band corre-
sponding to |um(k)〉 (an eigenvector of the Bloch Hamil-
tonian) is given by the Berry phase νm [25] in momentum
space, also known as Zak phase [26]
νm = i
∮ 2pi
0
〈um(k)|∂k|um(k)〉dk (3)
and takes a value of νm = pi if t1 < t2 and νm = 0 if
t1 > t2 [27]. In the topologically nontrivial phase (νm 6=
0) the SSH model possesses zero-energy edge modes at
open boundaries, which are protected by the topological
properties of the system.
III. DISSIPATIVE FRAMEWORKS
In the further course of this paper we allow particles
to enter respectively exit the system on certain sites as
sketched in the lower part of Fig. 1. This notion of dissi-
pation is modeled by two different approaches.
t1 t2
A B
SSH
− +U1
+ − + − + − + −U2
Figure 1. Sketch of the SSH model and its extensions for n = 8
sites. Top row: The Hermitian model consists of double-well
unit cells (sites A,B) with intra-tunneling t1 joined by the
inter-cell hopping t2. Lower side: In this work we study dissi-
pative extensions of the SSH model where sites marked with
a plus (minus) sign indicate single-particle gain (loss). The
two patterns with dissipation only among the boundary sites
(U1, middle row) and alternating gain and loss (U2, bottom
row) are motivated by previous works [5, 14, 16, 17, 28].
A. Lindblad master equation
The LME [6] results from the Markovian approxima-
tion [29] of the reservoir and describes the dissipative
(trace and positivity preserving) evolution of the density
matrix ρ,
ρ˙ = −i[H, ρ]+∑
µ
(
2LµρL
†
µ −
{
L†µLµ, ρ
}) ≡ Lˆρ, (4)
where the unitary evolution generated by H is supple-
mented by the influence of collapse operators Lµ char-
acterizing the dissipative coupling to the reservoir, and
we have set ~ ≡ 1. Writing Eq. (4) as an operator equa-
tion introduces the Liouville operator (or Liouvillean)
Lˆ. In the long-time limit, the system converges to
the non-equilibrium steady state (NESS), which satisfies
Lˆρness = 0.
In this work, we choose the Lindblad operators Lµ =√
γc†µ (
√
γcµ) to describe single-particle gain (loss) with a
rate γ. Consequently, the dissipative patterns presented
in Fig. 1 are expressed by the following choice of Lindblad
couplings (µ = 1, . . . , n),
U1 : L1 =
√
γc1, Ln =
√
γc†n, Lµ = 0 (else), (5a)
U2 : Lµ =
√
γc†µ (µ odd), Lµ =
√
γcµ (µ even). (5b)
We note that the reservoir U2 does not spoil the trans-
lational symmetry and the appropriate system can still
be naturally described in momentum space.
Third quantization
Any fermionic dissipative system described by a master
equation in Lindblad form (4) with a quadratic Hamilto-
nian H and linear collapse operators Lµ can be treated by
means of a method named third quantization, presented
3in references [30, 31]: Both constituents of the Liouvil-
lean Lˆ are expanded in terms of 2n abstract Hermitian
Majorana operators wj (which are in our case related to
the fermionic operators by w2m−1 = cm + c†m, w2m =
i(cm − c†m) with m = 1, . . . , n) as H =
∑2n
j,k=1 wjHjkwk
and Lµ =
∑2n
j=1 lµ,jwj . The operator space K of the
wj is spanned by the 2
2n-dimensional orthonormal basis
vectors Pα1,...,α2n = w
α1
1 · · ·wα2n2n with αj ∈ {0, 1}. By in-
troducing super-operators on K in terms of adjoint Fermi
maps cˆj , cˆ
†
j (j = 1, . . . , 2n) that act on the canonical basis
as cˆj |Pα1,...,α2n〉 = δαj ,1 |wjPα1,...,α2n〉 , cˆ†j |Pα1,...,α2n〉 =
δαj ,0 |wjPα1,...,α2n〉, the Liouvillean can be rewritten and
becomes bilinear after a linear transformation to 4n ad-
joint Hermitian Majorana maps aˆ2j−1 = (cˆj + cˆ
†
j)/
√
2,
aˆ2j = i(cˆj − cˆ†j)/
√
2, where j = 1 . . . , 2n. The resulting
expression,
Lˆ =
4n∑
i,j=1
aˆiAij aˆj −A01ˆ, (6)
introduces the antisymmetric 4n× 4n shape matrix A =
−AT , which contains all information about the system.
Its eigenvalues, referred to as rapidities, come in pairs
±β1,...,2n with Re(βj) ≥ 0. By means of the shape matri-
ces’ eigenvectors, the dissipative system decomposes into
normal master modes (NMM) that are populated at an
exponential rate given by 2Re (βj) [30]. Hence, the NESS
is unique whenever all rapidities βj satisfy Re (βj) > 0.
As shown in reference [30], NESS expectation values can
be computed straightforwardly in this case.
Applying this procedure to an SSH ring with Lind-
blad operators
√
γcµ,
√
γc†µ arranged in the alternating
pattern of U2, the shape matrix takes the banded form
A =
1
2

γΓg −t1T −t2T
−t1T γΓl −t2T
−t2T γΓg −t1T
. . .
. . .
. . .
−t2T
 , (7a)
with 4×4 matrices Γg(l) = −12⊗σy +(−)σy⊗(iσx + σz) and
T = −iσy⊗12. As the dissipative pattern does not spoil
the system’s unit cell structure, A is naturally expressed
by partitioning the matrix into 8× 8 blocks labeled with
j = 1, . . . , n/2, which themselves consist of 4 × 4 blocks
A,B. Adopting a projector notation the shape matrix
reads
A =
1
2
n/2∑
j=1
(
γ
[ |j, A〉 〈j, A| ⊗ Γg + |j, B〉 〈j, B| ⊗ Γl]
− t1
[ |j, A〉 〈j, B|+ h.c.]⊗ T
− t2
[ |j, B〉〈j + 1, A|+ h.c.]⊗ T),
(7b)
which resembles the form of the PT -symmetric Hamil-
tonian subject to U2 mentioned below with matrices
T ,Γg,Γl replacing the scalar entries of tunneling am-
plitudes and gain and loss rates, respectively. In anal-
ogy with the Hamiltonian case, the representation can
be further compacted by transforming the external de-
gree of freedom into momentum space with a Fourier
transform, |k,X〉 = 1/√(n/2)∑n/2j=1 eijk |j,X〉 with k =
0, 2pi/(n/2), 4pi/(n/2), . . . , 2pi(n/2 − 1)/(n/2) and X ∈
{A,B}, resulting in
A =
1
2
∑
k
|k〉〈k| ⊗
(
γ |A〉〈A| ⊗ Γg + γ |B〉〈B| ⊗ Γl
− [(t1 + eikt2) |A〉〈B|+ h.c.]⊗ T)
=
1
2
∑
k
|k〉〈k| ⊗
(
γΓg −(t1 + t2eik)T
−(t1 + t2e−ik)T γΓl
)
,
(7c)
where the additional factorization |k,X〉 = |k〉⊗ |X〉 has
been assumed. Due to the similarity of this procedure
and the derivation of the Bloch Hamiltonian, we will refer
to the matrix in the last equation as Bloch Liouvillean.
B. PT -symmetric potentials (effective theory)
Our second approach is given by a description of dissi-
pation using complex on-site potentials that lead to an ef-
fective non-Hermitian Hamiltonian and in fact triggered
the surge of the entire research area of non-Hermitian
quantum mechanics [32, 33]. This procedure has al-
ready been promisingly applied to bosonic systems [34].
It can be motivated by considering a single site with
H = 0 subject to single-particle gain (loss) described
by an LME (4), which reads ρ˙ = γ(2c†ρc − cc†ρ − ρcc†)
(with c↔ c† swapped for single-particle loss). The popu-
lations ρii, i = 0, 1 of the solution ρ(t) =
∑
i,j ρij(t) |i〉〈j|
show an exponential decrease at the rate of 2γ, that is
ρ11(t) = ρ11(0)e
−2γt in the case of single-particle loss,
and analogously for the gain scenario. However, such
an exponential increase (except for the maximum occu-
pation) can also be implemented by a complex on-site
potential ±iγc†c, which becomes exact in the mean-field
limit of bosons [34].
Hence, we account for single-particle gain (loss) at
site j via the extension of the Hamiltonian with a term
+
(−)iγc
†
jcj to obtain an effective description of dissipation.
This results in a non-Hermitian Hamiltonian H
(U)
eff =
H + U . The complex potentials, which effectively de-
scribe the effects of the reservoirs shown in Fig. 1 are
given by
U1 = iγ
(
c†ncn − c†1c1
)
, (8a)
U2 =
n/2∑
j=1
iγ
(
c†2j−1c2j−1 − c†2jc2j
)
. (8b)
4A helpful property of both reservoirs in Eq. (8) as well
as the Hamiltonian in Eq. (1) is their invariance un-
der the combined action of parity and time inversion,
[Heff,PT ] = 0, which causes the complex energy spec-
trum to be entirely real-valued in the PT -unbroken pa-
rameter regime.
A further analogy between the two approaches can
be revealed by following the physical interpretation of
a prominent algorithm, which allows for the compu-
tation of the time evolution of observables of systems
characterized by an LME. The so called Monte Carlo
wave-function approach uses the combination of a time
evolution with a non-Hermitian Hamiltonian and quan-
tum jumps to determine steady states of an open quan-
tum system described by an LME [35]. For PT -
symmetric systems the non-Hermitian Hamiltonian con-
structed within the numerical method is equivalent to the
PT -symmetric Hamiltonian of the effective approach in
Sec. III B, except for a constant imaginary shift. Thus,
our effective PT -symmetric Hamiltonian is connected
with the non-Hermitian Hamiltonian of the Monte Carlo
wave-function algorithm.
IV. COMPLEX BERRY PHASE
In the scope of the effective PT -symmetric theory the
concept of the Berry phase can be generalized to dissipa-
tive systems [1, 36–38]. In case of spatially periodic sys-
tems like U2 the complex Zak phase can be defined with
the help of pairs of biorthogonal eigenvectors of the non-
Hermitian PT -symmetric Hamiltonian H(U2)eff belonging
to real eigenvalues. To do so, one follows the same pro-
cedure as described in Sec. II, which results in
H
(U2)
eff =
∑
k
|k〉〈k| ⊗
(
iγ −t1 − t2eik
−t1 − t2e−ik −iγ
)
, (9)
and energies Em(k) = ±
√
t21 + t
2
2 + 2t1t2 cos(k)− γ2,
which are entirely real as long as |t1 − t2| > γ [5]. The
2× 2 matrix represents the PT -symmetric Bloch Hamil-
tonian. The structure of the Bloch Liouvillean found in
Eq. (7c) is very similar to the one of the non-Hermitian
Bloch Hamiltonian in Eq. (9). In case of unbroken PT
symmetry, that is if all eigenvalues of Heff are real-valued,
the complex Zak phase which is picked up by the mth
Bloch band, described by the left and right eigenvectors
〈χm| and |φm〉 of the Bloch Hamiltonian associated with
eigenvalue Em, is defined as [36, 38]
νm = i
∮ 2pi
0
〈χm(k)| ∂k |φm(k)〉dk. (10)
In the PT -unbroken regime, the real part of the com-
plex Zak phase is quantized, Re (νm) = 0, pi mod 2pi, as
shown in App. A. In analogy with the line of argument
of Hatsugai [39] for Hermitian systems we use the quan-
tized real part of the complex Zak phase as topological
invariant to characterize topological phases in the peri-
odic lattice system described by Eq. (9). The quantiza-
tion of the real part of the complex Zak phase is ensured
by PT symmetry, and thus the corresponding topological
phases are protected by PT symmetry (see App. A).
In addition to analytical results of the Berry phase de-
fined by Eq. (10) in Ref. [1], an algorithm to numerically
evaluate the expression is described in Ref. [20]. Note,
however, that the extension of Berry phases is limited to
the PT -unbroken regime and if the eigenvalues of Heff
are complex, the adiabatic theorem which is used in the
derivation of the complex Zak phase does not apply [37]
and a Berry phase is not well-defined.
Note that the notion of a chiral symmetry Λ = σz
protecting the topology in the Hermitian case γ = 0
where {HB, σz} = 0 cannot be directly carried over to
the dissipative case due to the non-Hermiticity of the
Hamiltonian. In fact, the underlying relations have to
be modified for non-Hermitian Hamiltonians [40] and it
is nevertheless possible to find a symmetry operator that
constrains the eigenvalue spectrum of H
(U2)
eff in the same
way as the chiral symmetry does in the Hermitian SSH
model.
To see this, consider the Hamiltonian of Eq. (9) with
open boundaries expanded in the n-dimensional single-
particle basis,
H
(U2)
eff =

iγ −t1 0
−t1 −iγ −t2 . . .
0 −t2 iγ . . .
. . .
. . .
. . .
 . (11)
Using the unitary n-dimensional operators
Σx =
 11
. .
.
 , Σz =
1 −1
. . .
 (12)
introduced in the Suppl. Mat. of Ref. [5] one can con-
struct the non-Hermitian operator Λ = ΣxΣz = −Λ†
that satisfies the relation
Λ†H(U2)eff Λ = −H(U2)eff . (13)
Similarly to the chiral symmetry in the Hermitian sce-
nario the symmetry property (13) constrains the eigen-
value spectrum of H
(U2)
eff to bands of opposite sign: Given
left and right eigenvectors 〈χ| , |φ〉 of H(U2)eff associated
with an eigenvalue E, the symmetric partner states
〈χ|Λ†,Λ |φ〉 are eigenvectors with an eigenvalue of −E.
By the same reasoning this property carries over to the
spectrum of H
(U1)
eff .
As a side mark, note that it is possible to construct
non-Hermitian PT -symmetric systems with alternating
gain and loss and a centered defect that hosts topo-
logically protected zero-energy edge states in the PT -
5−2
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γ
Figure 2. Complex single-particle energy spectrum of the
PT -symmetric Hamiltonian H(U2)eff for different dissipative
strengths with highlighted differences between trivial (θ =
2pi/3, dark blue points) and nontrivial (θ = pi/3, additional
light orange points) dimerization. Additional features in the
nontrivial lattice configuration are caused by zero-energy edge
modes.
unbroken phase [5]. Their stability under disorder re-
specting the symmetry Λ = ΣxΣz has been verified ana-
lytically and numerically in the Suppl. Mat. of Ref. [5].
Motivated by the analogy between the effective Hamil-
tonian (9) and the shape matrix given in Eq. (7c), we now
formulate the complex Zak phase defined for the master
bands of the Bloch Liouvillean. The NMM bands ob-
tained from a description via LME can be classified topo-
logically in the same fashion as the bands of the Bloch
Hamiltonian H
(U2)
eff . Therefore we define a Zak phase ν
for the NMM bands by using the left- and right-hand
eigenstates of the Bloch Liouvillean (7c) in Eq. (10).
V. COMPARISON OF BOTH DESCRIPTIONS
Having outlined the different approaches of modeling
dissipation in the SSH model, a key aspect of this work
shall be dedicated to a comparison of both methods in
order to check their conformity.
While the PT -unbroken regime in the effective theory
yields stationary modes, which can also be understood
as a non-Hermitian extension of Hermitian quantum me-
chanics, the interpretation of the PT -broken regime with
complex eigenvalues is questionable, as the exponential
change of the probability density resulting from a time
evolution with the effective Hamiltonian may result in an
unphysical behavior of the system. The applied scheme
in this work relies on the analogy between the effec-
tive theory and LME outlined in Sec. III B. Starting
from the dissipation-free Hamiltonian many-body ground
state scenario (γ = 0), where all single-particle modes
with negative and zero energy Re (E) ≤ 0 (to include
edge modes) are occupied, we expect those modes to re-
main occupied as long as the imaginary part vanishes
exactly when dissipation is turned on. Whenever a mode
breaks PT symmetry by acquiring a complex eigenvalue,
the sign of the imaginary part determines whether the
mode is filled up (+) or emptied (−) in the long-time
−3
−1.5
0
1.5
3
0 2 4 6
±R
e(
β
)
γ
−1
−0.5
0
0.5
1
0 pi2 pi
Im
(β
)
θ
Figure 3. Rapidity spectrum of the Liouvillean shape matrix
with dissipative couplings according to U2. The decay rates
±Re (β) of the NMM shown in the left panel are indepen-
dent of the lattice dimerization (see App. B). By contrast,
the imaginary parts Im (β) depend only on the Hamiltonian
and are presented in the right panel for different dimeriza-
tions θ. We emphasize that the imaginary rapidity spectrum
exactly reproduces the energies of the Hermitian SSH model.
limit. Applying this interpretation we identify a NESS-
like many-body state built up from the specified single-
particle modes in the effective framework. This state
corresponds to the complex many-body energy with a
maximum imaginary and minimum real part. Thus, we
refer to this state as maximally PT -broken ground state
(MBS), which is unique if all single-particle modes pos-
sess non-zero energies.
The further investigation within this section will re-
veal a good agreement of the MBS and the NESS with
respect to the expectation value of the lattice site oc-
cupation operators. This is a surprising observation as
the construction of both states relies on very different
methods. The idea behind the MBS is a modification of
the many-body ground state due to the effects of dissipa-
tion. As we are interested in the ground state the MBS
is constructed by a conditional minimization of the en-
ergy. Some single-particle modes of the ground state will
be affected by the dissipative terms and thus are filled
or emptied due to dissipation. By contrast the decision
whether a master mode is occupied in the NESS is solely
determined by the sign of the corresponding eigenvalue’s
real part.
Hereinafter we parameterize the tunneling amplitudes
accordingly to t1/2 = t(1∓∆ cos(θ)).
A. Alternating gain and loss
First we consider an SSH chain (n = 64 and t = ∆ = 1)
subject to the dissipative pattern U2 and compute the
complex energy spectrum of the corresponding PT -
symmetric Hamiltonian, which was previously discussed
in [5, 16], as well as the rapidity spectrum of the Liou-
villean (7) (without periodic boundary conditions).
Fig. 2 shows the complex energies of the system for
a varying gain-loss strength, with highlighted differences
between the topologically trivial (t1/t2 = 3, θ = 2pi/3)
6and nontrivial (t1/t2 = 1/3, θ = pi/3) dimerization. We
note that the phase transition to the PT -broken regime
is in agreement with that of the analytical eigenvalues
of the Bloch Hamiltonian given in Eq. (9) for the bulk
modes (blue points). By contrast the nontrivial dimer-
ization possesses PT -broken modes for any non-zero γ
as the edge states can obviously not be eigenstates of
parity-time reflection [16] and thus immediately break
the symmetry. Moreover, the imaginary energy of the
edge modes is linear and given by ±iγ, which follows
from the fact that the edge modes are supported only
on one of the sublattices A,B [27]. The real part of the
Bloch bands containing the bulk modes bend towards
zero for increasing dissipation and eventually each mode
breaks the PT symmetry with a purely imaginary eigen-
value. This observation is exactly the expected behavior
in the strongly dissipative scenario where the hopping
can be considered as a weak perturbation, and in which
all lattice sites effectively decouple and yield indepen-
dent sites being subject to either gain or loss, that is
limγ→∞Re (E) = 0 and limγ→∞ Im (E) = ±γ.
In Fig. 3 we show the rapidities of the analogue sys-
tem formulated in the framework of the LME. Whereas
the presence of a PT -symmetric region in the effective
theory suggested a regime with stationary modes despite
dissipation, the convergence rates in the Lindblad sce-
nario are equal for each NMM, Re (β) = γ/2, such that
all modes are sensitive to the reservoir regardless of the
lattice configuration. Interestingly, we find that for the
specific pattern with alternating gain and loss the fea-
tures of the unitary Hamiltonian and the collapse opera-
tors decouple, since it can be shown analytically for the
periodic system that the rapidities are two-fold degener-
ate and given by β = γ/2 ± iEm/2, where Em denotes
the eigenvalues of the Hermitian SSH model from Eq. (2)
(compare App. B). We will further comment on this re-
markable property in the course of this section.
The MBS and NESS lattice occupations derived from
the spectra in Figs. 2, 3 are compared in Fig. 4. For in-
creasing dissipation, the bulk makes a transition into a
progressively staggered configuration, which ultimately
leads to entirely filled/empty sites. However, the edge
modes occurring in the nontrivial lattice dimerization
play an important role in both descriptions and are oc-
cupied/emptied for finite dissipation. From this it fol-
lows that a pronounced occupation at the edges can al-
ways be observed whenever the SSH Hamiltonian yields
edge modes. We note that the MBS qualitatively repro-
duces the NESS behavior to a good extent, especially the
property of half filling. Only in the PT -unbroken regime
where the effective theory suggests a flat bulk, a slight
imbalance between gain and loss sites can already be de-
tected in the Lindblad description (compare top row of
Fig. 4). In fact, the MBS does not show a staggered bulk
in the absence of PT -broken bulk modes (blue bands in
Fig. 2).
Carrying on the remarkable agreement of our ap-
proaches to model dissipation, we will now address the
Figure 4. Lattice occupation corresponding to the NESS (blue
dots) and MBS (open orange circles) of the SSH model with
alternating gain and loss (γ = 0.5, 1.4, 2.5 from top to bot-
tom). Left panels: Nontrivial dimerization (θ = pi/3). Right
panels: Trivial dimerization (θ = 2pi/3).
question of how a topological invariant, which already
exists for the effective theory [36], transfers to the Liou-
villean.
Complex Zak phase
The question how the notion of topological invariants
of Hamiltonian states or bands can be extended to open
quantum systems represents a challenge to current re-
search.
The complex Bloch bands of the non-Hermitian sys-
tem can be classified topologically in the PT -unbroken
parameter regime by the real part of the complex Zak
phase, which is shown in the left panel of Fig. 5. This
phase diagram is obtained from a numerical evaluation
of Eq. (10) using the eigenvectors of the non-Hermitian
Bloch Hamiltonian given by Eq. (9) via the algorithm
presented in Ref. [20]. The scenario is in full accordance
with the topological band theory of Hermitian systems,
and the complex Bloch bands possess a quantized Zak
phase, which is well-defined as long as the bands are
gapped. The system is in a topologically trivial (non-
trivial) phase in the PT -unbroken parameter regime for
θ > pi/2 (θ < pi/2). In the PT -broken parameter regime
the complex Bloch bands are gapless and two exceptional
points exist within the Brillouin zone [5].
Since the quantization of the real part of the complex
Zak phase collapses in the PT -broken parameter regime
that separates the PT -unbroken regions, a sharp topolog-
ical phase transition indicated by a discontinuous change
of the real part of the Zak phase of pi cannot be observed
for values of γ > 0.
In the same fashion the NMM bands obtained from a
description via an LME can be classified topologically in
analogy with the Hermitian band theory. Therefore we
calculate the Zak phase of the NMM bands by evaluating
Eq. (10) using the left- and right-hand eigenstates of the
Bloch Liouvillean (7c). A numerical evaluation yields the
7Figure 5. Complex Zak phase ν of the SSH model (t = ∆ = 1)
with alternating gain and loss. Left panel: Real part of the
complex Zak phase obtained from the effective description
using a complex PT -symmetric potential. The hatched area
marks the PT -broken parameter regime in which the real
part of the complex Zak phase is not quantized (see App. A
for details). Right panel: Zak phase characterizing an NMM
band of the Bloch Liouvillean obtained from a description of
the system using an LME.
right panel of Fig. 5. For a given dimerization parameter
θ and gain and loss strength γ one finds all NMM bands
to be characterized by the same quantized phase with a
vanishing imaginary part. The Zak phase of the NMM
bands indicates a trivial (nontrivial) phase for a trivially
(nontrivially) dimerized chain, which is in full agreement
with the isolated SSH model. This observation is found
to be inherently linked to the structure of the shape ma-
trix for U2 given in Eq. (7c), to which we provide further
details in App. B. In fact it turns out that the Liouvil-
lean can be decomposed into outer products. One of the
product spaces contains the entire structure of the Bloch
Hamiltonian, such that the Berry phase of the transport
along the Brillouin zone is inherited from the Hermitian
case. Thus, the NMM bands possess a Zak phase of pi if
the Hermitian SSH chain is dimerized topologically non-
trivial (θ < pi/2), and a Zak phase of 0 in case of trivial
dimerization (θ > pi/2). For θ = pi/2 the NMM bands
touch each other and the Zak phase is not well-defined.
In contrast to the complex Zak phase of the effective
PT -symmetric description this quantization does not re-
quire a special structure of the eigenvalue spectrum of
the Bloch Liouvillean, the quantization is rather ensured
by the chiral symmetry of the Hermitian SSH model from
which the Zak phase is inherited to the eigenstates of the
Bloch Liouvillean (see App. B).
Hence, in the case of alternating gain and loss we can
define a dissipative analogue of the Zak phase for the
NMM bands, which carries the information about the
topology of the Hamiltonian and is not affected by the
strength of dissipation. This Zak phase of the NMM
bands is in perfect agreement with the complex Zak
phase obtained from the effective approach in the para-
meter regime where the complex energy spectrum of the
non-Hermitian Hamiltonian is entirely real-valued (PT -
unbroken phase). We comment on the stability of the
complex Zak phase for the disordered case in App. C.
B. Gain and loss at the boundaries
In the following we compare the interpretation of the
effective theory introduced in the beginning of this sec-
tion with the LME description of an SSH chain (n = 64
and t = ∆ = 1) subject to a reservoir of the type U1 (cf.
Fig. 1 and Eq. (8a) resp. Eq. (5a)).
Fig. 6 shows the single-particle spectrum of the non-
Hermitian Bloch Hamiltonian in dependence of the dis-
sipative strength γ for a topologically trivial (t1/t2 = 3,
θ = 2pi/3) and nontrivial (t1/t2 = 1/3, θ = pi/3) dimer-
ization. In the latter, the edge states are again found to
be PT -broken for all values γ > 0. The imaginary part
of the complex energy is restricted by |Im(E)| < γ and
the localisation of the edge modes increases with γ, such
that one finds limγ→∞ Im (E) = ±γ for their energy.
The same holds in the strongly dissipative scenario of
the trivial SSH chain. After the PT phase transition the
real part of the complex energies of the modes located
mainly at the boundary unit cells bend towards zero (or-
ange points in Fig. 6). These modes decouple while going
through a bifurcation at γ = 3 and collapse into (i) modes
hosted solely by the dissipative site at the boundary and
(ii) edge modes in the nontrivially dimerized Hermitian
subsystem in the limit γ → ∞. While the latter corres-
pond to the eigenvalue branches whose complex energy
converges towards zero, the eigenvalues of the others are
given by ±iγ in the strongly dissipative limit. The effect
of the modes with approximately zero total energies for
large values of γ becomes visible in the MBS, which is
discussed later, and illustrates that these states indeed
correspond to internal edge states of the subsystem, i.e.
the SSH chain without the dissipative sites.
Interestingly, one finds considerable resemblances be-
tween the complex energies and the rapidities follow-
ing from a description via LME. The imaginary part
of the rapidity spectrum (cf. Fig. 7) reproduces the
real part of the complex energy spectrum (cf. Fig. 6).
Also the real part of the rapidities (cf. left panel in
Fig. 7) and the imaginary part of the single-particle
modes (Im(E) cf. right side in Fig. 6) show significant
similarities. Only the exactly vanishing imaginary parts
leading to stationary bulk modes in the effective descrip-
tion differ from their counterpart in the LME framework
where bulk NMMs are always characterized by a small
(but nonzero) relaxation rate that guarantees the unique-
ness of the NESS. Furthermore, the bifurcations in the
rapidity spectrum and the complex energy spectrum ap-
proximately occur at the same parameter values. Gener-
ally, only modes hosted by sites coupled to the reservoir
are strongly affected by dissipation, which also causes
a change of the lattice site occupation. This is further
investigated by comparing the NESS and the MBS.
We show MBS and NESS lattice occupations for a
reservoir of the type U1 in Fig. 8. Due to its construction
the MBS contains the single-particle edge modes which
are occupied due to the effect of the gain and loss of par-
ticles. For increasing dissipative strengths the edge mode
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Figure 6. Complex single-particle eigenvalue spectrum of the
PT -symmetric Hamiltonian of the SSH model subject to the
complex potential U1 with θ = pi/3 (blue and green points in
the left panel, and right top) respectively θ = 2pi/3 (blue and
orange points in the left panel, and right bottom). The colors
of the imaginary part branches on the right correspond to the
real part of the complex energies shown on the left.
localization at the lattice boundaries becomes more pro-
nounced and the mode extends less into the bulk.
In case of a trivial chain and values of γ <∼ 0.5 the PT -
symmetric Hamiltonian is PT -unbroken (see Fig. 6 right
bottom) and the corresponding MBS, which has a real-
valued energy is equivalent to a Mott state at half filling
(cf. Fig. 8 right top) [41]. In this parameter regime the
MBS does not reproduce the NESS lattice occupations.
However, the trivial chain yields lattice occupation pro-
files of the NESS and the MBS, which match perfectly
for large values of γ. In this case the sites at the edges of
the lattice act as a connection between the reservoir and
the rest of the system. For large values of γ one can as-
sign the edge sites (the occupations of which are approx-
imately fixed to 0 resp. 1) to the reservoir and finds the
NESS (MBS) in the subsystem to reproduce the NESS
(MBS) of the non-trivial phase (cf. bottom of Fig. 8).
This effect is caused by the inversion of the sublattice’s
dimerization due to the cut-off of dissipative sites leaving
a non-trivially dimerized system.
We note that this decoupling of dissipative sites from
their surrounding was already observed in the strongly
dissipative scenario of alternating gain and loss, where
the lattice occupation is found to be completely staggered
(cf. bottom panel of Fig. 4).
VI. CONCLUSION
One of the main efforts of this work was a compar-
ison between two approaches for describing dissipative
quantum systems, viz. Lindblad master equations and an
effective theory using PT -symmetric on-site potentials.
For alternating gain and loss we have defined topological
invariants which characterize the complex Bloch bands in
the PT -unbroken regime and the corresponding master
bands of the Liouvillean to match perfectly. The topo-
logical invariants rely on the idea that both frameworks
allow for a generalization of the Hermitian Zak phase to
10−5
10−2
10−5
10−2
0 2 4 6
R
e(
β
)
γ
−1
−0.5
0
0.5
1
0 2 4 6
Im
(β
)
γ
Figure 7. Rapidity spectrum of the Liouvillean of the SSH
model with gain and loss at the edges (Lindblad operators
L
(U1)
µ ) with θ = pi/3 (left top, and blue and green points
in the right panel) respectively θ = 2pi/3 (left bottom, and
blue and orange points in the right panel). The colors of the
real part branches correspond to the imaginary part of the
rapidities shown on the right.
the dissipative scenario where the entire information is
contained in a non-Hermitian Bloch Hamiltonian resp.
Bloch Liouvillean. In particular we showed that the
quantization of the complex Zak phase’s real part is pro-
tected by the PT symmetry in the PT -unbroken param-
eter regime. By contrast the spectral properties of the
Liouvillean yield a decoupled structure that contains the
bands of the Hamiltonian as a subset. Hence, the quan-
tization of the Zak phase of the master bands can be
traced back to the topological properties of the Hermi-
tian SSH Hamiltonian. An investigation of the effect of
hopping disorder which respects the symmetry proper-
ties of the system shows that the complex energy spectra
of the system do neither undergo a PT phase transition
nor a gap closing, such that complex the Zak phase is ro-
bust against a sufficiently small disorder. The same holds
for the Zak phase of the master bands as it is inherited
from the Hermitian SSH model which is robust against
hopping disorder.
Working with the effective theory we have introduced
and justified an interpretation to obtain the long-term
Figure 8. Comparison of the lattice site occupation profile
of the NESS (blue circles) and the corresponding MBS (open
orange circles) for t = ∆ = 1 and θ = pi/3 on the left re-
spectively θ = 2pi/3 on the right and γ = 0.25, 4 from top to
bottom.
9fixed-point of the system, by regarding imaginary parts
of the energies in the PT -broken regime as decay rates.
The resulting lattice occupation shows a remarkable re-
semblance to the non-equilibrium steady state extracted
from the Liouvillean. In the regime of weak dissipation
where the bulk modes do not break the PT symmetry
in the effective description, the steady state of the effec-
tive description (MBS) and the non-equilibrium steady
state (NESS) of the Lindblad master equation disagree
as the expectation values of the occupation operator of
the steady state in the effective framework is not influ-
enced by the reservoir in the PT -unbroken parameter
regime.
Using a reservoir coupled to the edges of the SSH chain
we have found that the edge modes are occupied or emp-
tied with progressing time evolution of the system. The
dissipative sites effectively decouple from their surround-
ing in the strongly dissipative regime in such a way that
by turning on dissipation in the trivial regime the steady
state of the subsystem (where the two edge sites are
ranked to belong to the reservoir) reproduces the steady
state of the nontrivial SSH chain.
Appendix A: Quantization of the geometric phase
As shown in the work of Hatsugai [39], the Berry phase
ν of closed systems (described by a Hermitian Hamil-
tonian) is quantized in the presence of an antiunitary
symmetry (PT in the context of this work) and takes
integer multiples of pi. The argument carries over to
non-Hermitian systems described by a PT -symmetric
Hamiltonian H(α) parameterized by α ∈ P in param-
eter space P: For a dual pair of biorthogonal eigenstates
(〈χn(α)| , |φn(α)〉) of H with a non-degenerate eigen-
value λn(α), that is H |φn〉 = λn |φn〉 and 〈χn|H =
λn 〈χn|, one finds the real part of the complex Berry
phase νn [36], which is picked up by the eigenstates dur-
ing the transport along a loop C ⊂ P to be quantized
in integer multiples of pi if (〈χn| , |φn〉) are eigenstates of
PT (which implies λn ∈ R).
To see this, we consider the Berry phase of (〈χn| , |φn〉)
obtained by integration of the complex Berry connection
An(α) = i 〈χn|∇α|φn〉 along C,
νn = i
∮
C
〈χn|∇α|φn〉 · dα. (A1)
Expanding the states in a fixed Cartesian basis {|ej〉 , j =
1, . . . ,dim(H) | 〈ej |ek〉 = δjk} by 〈χn| =
∑
j χnj (α) 〈ej |
and |φn〉 =
∑
j φnj (α) |ej〉, the kth component of the
Berry connection reads An,k = i
∑
j χnj ∂αkφnj .
The latter can be related to the Berry connection
APTn of the PT -symmetric partners (with the abbre-
viation 〈x| PT ≡ 〈xPT |, PT |x〉 ≡ 〈xPT |) by evalu-
ating the action of PT as 〈χPTn | =
∑
j χ
∗
nj 〈ePTj | and
|φPTn 〉 =
∑
j φ
∗
nj |ePTj 〉. A straightforward calculation
leads to the important relation APTn = −A∗n, which di-
rectly implies
νn = −
∮
C
APT ∗n · dα = −νPT ∗n . (A2)
A second important relation follows from the fact that
the action of PT onto an eigenstate of H is nothing but
a U(1) gauge transformation if the eigenvalue is non-
degenerate and real. Since the PT -symmetric Hamil-
tonian satisfies the commutation relation [H,PT ] = 0,
the application of PT on the (right) eigenvalue equation
yields H |φPTn 〉 = λ∗n |φPTn 〉, which reduces to the eigen-
value relation of |φn〉 in case of a real eigenvalue λn ∈ R,
that is if |φn〉 (or 〈χn|) are right (or left) eigenstates of
PT [42]. In combination with the assumption of a non-
degenerate eigenvalue λn and the normalization conven-
tion 〈χPTn |φPTn 〉 = 1, this implies that PT corresponds
to a U(1) phase transformation |φPTn 〉 = eiϕn |φn〉 and
〈χPTn | = e−iϕn 〈χn|. Given that case, the Berry connec-
tion of the PT partners evaluates toAPTn = An−∇αϕn.
Using the fact that the basis states have to be single-
valued in parameter space such that one can find an in-
teger z ∈ Z for which ∮C∇αϕn · dα = 2piz holds, the
latter relation can be integrated along C leaving
νPTn =
∮
C
(An −∇αϕn) · dα = νn − 2piz. (A3)
Finally, the combination of Eqs. (A2) and (A3) induce
the quantization of the real part of the complex Berry
phase in the PT -unbroken regime,
νn = −νPT ∗n = −(νn − 2piz)∗ =⇒ Re (νn) = piz. (A4)
Hence, in this case, the real part of the complex Berry
phase can be constrained to a strict quantization pro-
tected by PT symmetry.
Appendix B: Rapidities of the dissipative pattern U2
We give the proof that the imaginary part of the ra-
pidities of the SSH model subject to a dissipative pat-
tern described by U2 in the context of an LME repro-
duces the Hamiltonian spectrum, while the real part is
solely determined by the gain-loss strength. To do so,
we consider the eigenvalue equation Avj = βjvj of the
4n×4n dimensional anti-symmetric (AT = −A in the ba-
sis of the Hermitian Majorana maps aˆi, compare Eq. (7))
shape matrix in order to determine the jth normal mas-
ter mode (NMM) vj with an associated rapidity βj . In
the scenario with alternating gain and loss, a basis trans-
formation accounted for by a Fourier transform leads to
the Bloch form of A in Eq. (7c), which we repeat here
for convenience,
A =
1
2
∑
k
|k〉〈k| ⊗
(
γΓg −(t1 + eikt2)T
−(t1 + e−ikt2)T γΓl
)
,
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where the matrices Γg(l) = −12 ⊗ σy +(−) σy ⊗ (iσx + σz)
and T = −iσy⊗12 can be considered as a generalization
of the non-Hermitian effective Hamiltonian scenario. In
order to see how eigenvectors of this equation can be con-
structed, the 8× 8 Bloch Liouvillean (cf. Eq. (7c)) is fur-
ther decomposed into a sum of three Kronecker products
of 2× 2-dimensional matrices as follows,
A =
1
2
∑
k
|k〉〈k| ⊗
[
− γ12 ⊗ 12 ⊗ σy
+γσz ⊗ σy ⊗ (iσx + σz)
−iHB ⊗ σy ⊗ 12
]
,
(B1)
where the 2× 2 Bloch Hamiltonian HB of the Hermitian
SSH model (compare Eq. (2)) naturally appears. Start-
ing off with this form, we attempt to construct master
modes vj which are eigenvectors of each of the three
summands in Eq. (B1). In doing so, one notices for
the square bracket term that the operators of the first
product space commute, that is [σz, HB] = 0 (and triv-
ially [σz,12] = [HB,12] = 0) and thus common eigenvec-
tors of all three summands, restricted to the first prod-
uct space, exist. The same statement holds for the sec-
ond product space, but is violated by the third one, as
[σy, iσx + σz] 6= 0. However, the matrix iσx + σz has an
eigenvector (1, i)T with zero eigenvalue, which is simul-
taneously an eigenvector of σy with eigenvalue 1.
This having been said, a procedure to construct 2n of
the overall 4n eigenvalues and eigenvectors of the shape
matrix can be formulated: The NMM vj is constructed
by a Kronecker product of the momentum space com-
ponent and the three internal spaces, where the vec-
tor in the last internal space is always given by (1, i)T ,
and consequently the second term in Eq. (B1) does not
contribute to the eigenvalue equation Avj = ±βjvj .
For the remaining two summands and internal spaces,
γ12 ⊗ 12 − iHB ⊗ σy, it was argued above that the con-
stituents’ possess a common set of eigenvectors. As the
eigenvalues of HB are given by the energies Em(k) =
±
√
t21 + t
2
2 + 2t1t2 cos(k) of the Hermitian SSH model
and those of σy are ±1, the two internal product spaces
give rise to the 2n combinations −γ−iEm(k)·(±1), which
results in the rapidities
−βj = −1
2
(
γ ± iEm(k)
)
(B2)
with k = 0, 2pi/(n/2), . . . , 2pi(n/2 − 1)/(n/2) and
m = 1, 2, such that each value appears twice, leading to
n/2 two-fold degenerate rapidities. We explicitly empha-
size that the decay rate Re (βj) of an NMM vj is solely
determined by the gain-loss strength γ, while the imag-
inary part reproduces the energy spectrum of the SSH
model.
For completeness, the remaining 2n eigenvalues of A
can be obtained by making use the antisymmetry of A,
which directly implies the existence of the remaining
eigenvalues 1/2(γ ± iEm(k)).
−2
0
2
−2
0
2
0 0.25 0.5
R
e(
E
)
R
0
0.6
−0.6
0
0.6
0 0.25 0.5
Im
(E
)
R
Figure 9. Complex energy spectrum of the PT -symmetric
Hamiltonian H
(U2)
eff with 64 sites subject to disorder of the
form (C1) for 100 random realizations at γ = 0.5 for θ =
pi/3, 2pi/3 in the top resp. bottom row. Gray dots indicate the
extreme scenario where ξm = 1 for all m.
To conclude, we note that the factorization of the
Bloch Liouvillean given in Eq. (B1) already shows that
in the case of alternating gain and loss the Zak phase of
the NMM bands is quantized and complies with the Zak
phase of the Hermitian SSH model. Therefore we point to
the first product space which contains the Bloch Hamil-
tonian HB of the Hermitian SSH model (compare Eq.
(2)). All other operators that occur in the factorization
do not depend on k and therefore only the component of
the eigenstate of the Bloch Liouvillian belonging to the
first product space will acquire a phase when the system
is transported through the Brillouin zone. This phase
is exactly the Zak phase of the Hermitian SSH model
as the corresponding eigenstate is precisely the one of
the Hermitian Bloch Hamiltonian HB that describes the
Hermitian SSH model.
Appendix C: Robustness to disorder
We now investigate the effect of disorder that respects
the symmetries of the system (PT and Λ cf. Eq. (13)) on
the complex energy and the rapidity spectra. To do so,
the tunneling amplitudes of each unit cell j = 1, . . . , n/2
are randomly exposed to disorder, described by a disorder
strength R, of the type
t1 → t˜1 = t1 +Rξj |t1 − t2| ,
t2 → t˜2 = t2 −Rξj |t1 − t2| ,
(C1)
retaining the dimerization on average. The random vari-
ables ξj ∈ (−1; 1) are chosen from a uniform distribution
in a symmetric manner such that ξj = ξn/2+1−j .
Considering the scenario of alternating gain and loss
this form of disorder can spoil the topological invariant
in the following two ways.
(i) Inversion of the dimerization: For the case of the
SSH model (γ = 0), the critical value of the disorder
strength Rc1 by which an arbitrary dimerization could
in principle be deformed to the homogeneous hopping
case t˜1 = t˜2 where the energy gap closes is found to be
Rc1 = 0.5.
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Figure 10. Rapidity spectrum of the Liouvillean describing
the dissipative SSH model with 64 sites with alternating gain
and loss subject to disorder of the form (C1) for 100 random
realizations for θ = pi/3, 2pi/3 in the top resp. bottom row.
Note the shown spectrum does not depend on γ. Gray dots
indicate the extreme scenario where ξm = 1 for all m.
(ii) PT phase transition in the effective theory: Con-
sidering the scenario of alternating gain and loss where a
unit cell is PT -unbroken as long as ∣∣t˜1 − t˜2∣∣ > γ one
finds that even in the worst case scenario
∣∣t˜1 − t˜2∣∣ >
(1 − 2R) |t1 − t2| and thus Rc2 = 1/2(1 − γ/(t1 − t2))
[5]. In the same manner a randomized variation of the
on-site potentials can affect the point of the PT phase
transition.
In the following we illustrate both cases using an ex-
emplary choice of parameters. Fig. 9 shows the complex
eigenvalue spectrum of the effective Hamiltonian H
(U2)
eff
with alternating gain and loss at γ = 0.5. For both the
nontrivial and trivial dimerization one expects the PT
phase transition at Rc2 = 0.25. However, due to the finite
number of possible disorders the transitions are shifted to
larger values of R. The extreme scenario where ξm = 1
for all m is also show for completeness and yields the ex-
pected transition point Rc2 = 0.25. For smaller values of
R the periodic system is PT -unbroken and possesses two
energetically separated bands. We verified this property
for a variety of parameter sets.
Next we apply the disorder pattern (C1) to the Liou-
villean of the SSH model coupled to a reservoir describ-
ing alternating gain and loss. From App. B we know the
structure of the rapidity spectrum without disorder. The
real part is determined by the strength of the dissipative
coupling whereas the imaginary part of the rapidity spec-
trum is given by the scaled energy spectrum of the Hermi-
tian SSH model. Therefore we expect that a randomized
variation of the tunneling amplitudes only modifies the
imaginary part of the rapidities in such a way that for an
infinite number of random numbers a gap closing occurs
at Rc1 = 0.5. Fig. 10 shows the scaled rapidity spec-
trum of the SSH chain subject to alternating gain and
loss. For both the nontrivial and trivial dimerization the
finite number of used sets of random numbers causes the
gap in the imaginary part to be still present for R = 0.5.
Again the extreme scenario with ξm = 1 for all m yields
the expected gap closing at Rc1 = 0.5. Hence the quan-
tization of the Zak phase picked up by the master modes
is not spoiled by disorders with R < Rc2 since it relies on
the topological invariance of the Hermitian SSH Bloch
Hamiltonian as illustrated in App. B.
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